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Abstract—This paper presents an analytical approach for
determining the electromagnetic torque and angular velocity of
a three-phase induction motor. The method is based on the space
vectors of the motor’s voltages and currents and requires the
measurement of the instantaneous values of the stator voltages
and currents. A study was conducted using a simulation
developed in MATLAB/Simulink. The results obtained from the
proposed method are compared with those from the
asynchronous machine simulation model provided by the
software package, demonstrating the accuracy and applicability
of the approach.
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I. INTRODUCTION

A major focus in modern electric drive technology is the
development of solutions that control electric motors with
high energy efficiency and optimal mechanical characteristics
[1]-[4]. In the control of induction motors, knowledge of the
instantaneous values of the developed electromagnetic torque
and rotor angular velocity is often required. These quantities
can be obtained through direct measurement, which requires
additional technical equipment, or by using mathematical
methods that allow their computation in real time [5]-[18].
The aim of this paper is to present an analytical approach for
determining the electromagnetic torque and angular velocity
of an induction motor using space vector theory. Space vectors
provide a fundamental framework for analyzing the transient
and steady-state behavior of electric machines. Space vectors
establish the relationship between the instantaneous values of
the time-varying quantities and their spatial variation
characteristics during the energy conversion process. In
induction machines, the space vector approach provides a
clear geometric visualization of the rotating magnetic field
and allows straightforward calculation of the electromagnetic
torque through a vector cross-product [19]-[24]. The proposed
method presented in this paper was evaluated using the
MATLAB/Simulink software environment [25], [26].

II. DETERMINATION OF THE SPACE VECTORS AND THE
ELECTROMAGNETIC TORQUE

For induction machines, the main space vectors required
are the stator phase voltage vector and the stator and rotor
phase current vectors. Under conditions of electromagnetic
symmetry, a single differential equation can be written for the
electrical equilibrium in the stator circuits. This equation is
formulated with respect to the three main space vectors, which
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rotate relative to the stationary stator at synchronous electrical
speed @,, =27 f :
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where: ug = |us|e stator voltage space vector;

P =
lr

= Je;
and i =|i|e""" - stator and rotor current space

=il
vectors; R - stator winding active resistance; L - stator total
inductance; L, - mutual inductance; ¢, , ¢;, ¢ - phase
angles of the corresponding vectors.

In equation (1), the rotating space vectors uge’® and
ie’™" can be

measurements of the stator phase voltages and currents, as
follows:

determined from the instantaneous

e =k(u, +uza+u.a’); )
e =k(i, +ia+ia’), 3)

where: u,,u,,u. and i,,i,,i. - instantaneous values of the

corresponding voltages and currents; a =e/*"? - phase
operator; k =+/2/3 - proportionality coefficient.
The rotor current space vector is determined

computationally. By differentiating i.e’*" in equation (1),
the derivative of the rotor current space vector can be
expressed as:
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Equation (4) is subsequently integrated to obtain the rotor
current vector i.e’®. The resulting rotating vectors ige’™

—J @t

and je’® are then multiplied by e , which allows for

the determination of i, and i .

The electromagnetic torque can be expressed as a function
of the stator and rotor current space vectors. Using the mutual
inductance L _, the torque is proportional to the imaginary

m 2



part of the product between the stator current space vector and
the complex conjugate of the rotor current space vector.

The electromagnetic torque 7, can be calculated using the

following expression, based on the previously determined
rotor and stator current space vectors:

T =pL, Im(iz*), %)

where: p - number of pole pairs; Z* - complex conjugate of the
rotor current space vector.

III. DETERMINATION OF THE ROTOR ANGULAR VELOCITY

The electrical balance in the rotor circuits, in the case of
electromagnetic symmetry of the induction machine, can also
be described by a single differential equation. This equation is
formulated with respect to the previously determined space
vectors of the stator and rotor currents, i, and i. These

vectors rotate relative to the moving rotor at a speed @,, — @,

)

where @, is the rotor electrical speed:
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where: R/ - rotor winding resistance; L’ - rotor total
inductance.

By performing the necessary differentiations, equation (6)
can be rationalized and expressed in the following form. This
transformation provides a more convenient representation for
computing the rotor angular velocity based on the previously
determined stator and rotor current space vectors:
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Equation (7) is then expressed in an algebraic complex
form, which facilitates the computation of the rotor angular
velocity:
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By equating the real and imaginary parts, the equation is
then solved with respect to the rotor electrical speed. The
following expression is obtained:
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Once the rotor electrical speed @, has been determined,
the actual rotor mechanical speed @, can be calculated using

the relationship between electrical and mechanical quantities.
Specifically, the mechanical speed is obtained by dividing the
electrical speed by the number of pole pairs of the machine, as
follows:

= a)e. (10)
p
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To assess the accuracy and validity of the proposed
method, a simulation was developed using the
MATLAB/Simulink software environment. The study is
based on a simulation model of an asynchronous machine
provided by the software package. This setup allows for a
direct comparison between the results obtained from the
proposed method and those generated by the standard
simulation model. The general layout of the developed
simulation is shown in Fig. 1.
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Fig. 1. General layout of the developed simulation.

The simulation model of the asynchronous machine has
the following rated data: rated power P__, =7.5 kW, rated

rated

=400V; rated frequency f, ., =50 Hz;

and rated speed N, =1440min~'. The

electromagnetic  parameters of the machine are:
R,=0.7384Q; R =0.7402Q; L,=L'=0.127 H; and
L, =0.1241H.

line voltage U,

rotational

The results obtained using the proposed method are
compared with those from the asynchronous machine
simulation model to assess the accuracy and reliability of the
approach. The study considers the case of a symmetrical stator
voltage supply with rated RMS values and nominal load. Fig.
2 illustrates the variation of the developed electromagnetic
torque obtained from the asynchronous machine simulation
model, while Fig. 3 presents the corresponding results
obtained using the proposed method. This comparison
demonstrates the effectiveness of the proposed method in
accurately reproducing the machine’s dynamic behavior.
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Fig. 2. Electromagnetic torque obtained from the asynchronous machine
model.
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Fig. 3. Calculated electromagnetic torque.

The developed simulation illustrates the variation of the
rotor angular velocity. Fig. 4 presents the results obtained
from the asynchronous machine simulation model, while Fig.
5 shows the corresponding results obtained using the proposed
method. This comparison highlights the ability of the
proposed method to accurately reproduce the dynamic
behavior of the rotor speed under nominal operating
conditions.
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Fig. 4. Angular velocity obtained from the asynchronous machine model.
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Fig. 5. Calculated angular velocity.

During the starting transient, the mathematical model
contains singularities. The numerical simulation in
MATLAB/Simulink, using an adaptive solver, successfully
passes through these points by automatically reducing the

integration step size and interpolating the solution, without
evaluating the function exactly at the singular point.

In many cases, the induction motor operates under non-
sinusoidal supply voltages. A typical example is when the
motor is controlled by a semiconductor converter. In the motor
control circuits, the semiconductor devices perform
continuous switching operations, resulting in non-sinusoidal
current waveforms.

The harmonic components of these non-sinusoidal
currents generate equivalent rotating magnetic fields that
rotate at different speeds and in different directions. These
components produce counteracting torque components and
adversely affect the overall performance of the machine.
Under such conditions, the developed electromagnetic torque
and the angular speed are not constant in steady state, and
oscillations are observed. The fifth- and seventh-order
harmonics are the most commonly encountered components.
A characteristic feature of the fifth harmonic is that the
equivalent electromagnetic field it produces rotates in the
opposite direction to that of the fundamental harmonic field,
whereas the field generated by the seventh harmonic rotates in
the same direction as the fundamental field. To investigate the
adequacy of the proposed method under non-sinusoidal
conditions, fifth- and seventh-order harmonic components
were introduced into the supply voltage waveforms. The
amplitude of the fifth harmonic was set to 0.5 of the
fundamental component, while the seventh harmonic was set
to 0.3 of the fundamental. Fig. 6 presents the results obtained
from the simulation model of the induction machine with
respect to the developed electromagnetic torque, while Fig. 7
shows the results obtained using the proposed method. The
motor was operating under rated load conditions.
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Fig. 6. Electromagnetic torque obtained from the asynchronous machine
model.
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Fig. 7. Calculated electromagnetic torque.
The results obtained for the angular speed from the

simulation model are shown in Fig. 8, while the results
obtained using the proposed method are presented in Fig. 9.
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Fig. 8. Angular velocity obtained from the asynchronous machine model.
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Fig. 9. Calculated angular velocity.

The study of the proposed method under different non-
sinusoidal and unbalanced voltage conditions demonstrated
results in agreement with the MATLAB/Simulink simulation
model of the asynchronous machine.

IV. CONCLUSION

The results indicate that the proposed method can be
effectively used to determine the electromagnetic torque and
angular velocity of an induction motor during both transient
and steady-state operating conditions. The method provides a
reliable and computationally efficient approach for real-time
monitoring and control of induction machines, making it
suitable for practical applications in modern electric drive
systems.
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