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Abstract

Part II of this study builds upon the mathematical framework developed and validated in
Part I for describing the geometry and volumetric performance indicators of an innovative
three-rotor hydraulic pump with bilateral lantern meshing. This part focuses on the nu-
merical investigation and multi-objective optimization of these indicators through the
proper selection of geometric parameters. The aim of the study is to establish the isolated
and combined influence of the dimensionless geometric parameters—number of teeth z,
relative lantern radius 7, and cycloid shortening coefficient A—on the actual flow rate Q
and the volumetric efficiency 7, under various operating conditions, while maintaining
the overall dimensions of the pump element in the radial and axial directions. Through
detailed numerical analysis and subsequent rigorous analytical proof, it has been estab-
lished that the optimal values of the geometric coefficients 7¢7,,, and A, are strictly de-
termined and provide a simultaneous global maximization of both indicators (Q,7,,), re-
gardless of the operating pressure p, rotational speed n, or the viscosity of the working
fluid. However, an analytically irresolvable conflict regarding the number of teeth z has
been identified: a small number maximizes the flow rate, whereas a large number in-
creases the volumetric efficiency. To overcome this contradiction, the problem is formu-
lated within the class of mixed-integer nonlinear programming (MINLP), and multicrite-
ria Pareto optimization is applied, combined with the PSIMS method for the selection of
optimal compromise solutions. An empirical relationship (with a coefficient of determi-
nation of R? = 0.9603) has been derived, which defines the optimal number of teeth z,,,
as a function of the operating pressure and rotational speed. The proposed methodology
provides a reliable and applicable tool for designing highly efficient three-rotor pumps
tailored to specific operational requirements.

Keywords: three-rotor hydraulic pump; lantern meshing; volumetric efficiency; internal
leakages; multi-objective Pareto optimization; mixed-integer nonlinear programming
(MINLP); PSIMS selection; mathematical modeling
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1. Introduction

The design optimization of gear pumps is the subject of continuous research interest,
with contemporary scientific publications showing a tendency toward improving the ge-
ometry according to various specific criteria. Among these are the consideration of elastic
deformations of the housing and their influence on the working clearances [1], the appli-
cation of Navier—Stokes solutions for describing unsteady flows under variable pressure
gradients [2], the minimization of peak pressures caused by the “trapped volume” prob-
lem under highly constrained conditions [3], etc. To solve such problems, specialized soft-
ware tools for numerical simulations are often used, such as the HYGESim model [4]. This
type of software solution usually relies on simulation-based optimization, coupling
lumped-parameter hydraulic models with iterative search algorithms. These iterative sim-
ulation approaches have proven effective for achieving high-accuracy results in the anal-
ysis of classical gear pumps, but at the same time they require considerable computational
resources and a previously known, established geometry.

In contrast, although computational fluid dynamics (CFD) methods and numerical
modeling are theoretically applicable, their direct use for the purposes of multiparametric
geometric optimization in conceptually new developments, such as the innovative three-
rotor pump with cycloidal (lantern) meshing considered here, is computationally ineffi-
cient. 3D CFD simulations require the generation of a computational mesh for each spe-
cific configuration, which makes the exploration of the vast space of possible geometries
unjustified in terms of time. In the contemporary scientific literature, this problem is ef-
fectively overcome through the application of dimensional analysis, established in the
fundamental theory of positive-displacement machines [5]. Today, this classical approach
successfully replaces computationally intensive CFD simulations in the precise modeling
of leakage flows in the clearances of gear machines [6]. In parallel, similarity theory has
become established as a powerful tool for reducing the parametric space in the evaluation
of the energy efficiency of fluid machines [7]. The generalized criterion equations derived
through dimensional analysis are increasingly used as reliable objective functions in solv-
ing optimization problems [8] and as an input basis for advanced algorithms, bypassing
resource-intensive numerical simulations [9]. Unlike iterative simulation approaches, a
direct analytical method based on the criterion equations derived in Part I [10] is applied
here. This approach allows not only the description of volumetric losses based on real
experimental data but also provides the possibility of conducting a rigorous mathematical
investigation that can serve as a basis for multicriteria geometric optimization.

In the first part [10] of the present study, the fundamental mathematical apparatus
for evaluating the pump characteristics was developed and validated. By integrating
mathematical modeling, similarity theory, and dimensional analysis, the objective func-
tions were refined and empirical relationships were derived for the actual volumetric flow
rate Q and the volumetric efficiency 7,. While Part I successfully defined the domain of
geometric existence of the gear and established the necessary theoretical basis, the actual
determination of the optimal geometric configuration requires conducting an in-depth
numerical and analytical investigation to reveal and balance the complex interrelation-
ships among the individual geometric parameters of the pump. At the present stage of the
study, it is necessary to resolve the critical conflict between maximizing the working dis-
placement and minimizing volumetric leakages—a task that requires the application of
specialized optimization tools.

Resolving this conflict requires the selection of an appropriate optimization method.
Various approaches are applied in the contemporary literature, each with its own ad-
vantages and limitations. Gradient-based methods, including steepest-descent, multiple-
gradient, and related schemes [11-14], are effective for smooth differentiable formula-
tions, but they are sensitive to local extrema and are not always the most convenient choice
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in the presence of discrete design variables and nonconvexities [15-18]. Neural networks
and surrogate models [19-25], on the other hand, successfully approximate complex non-
linear relationships and accelerate the exploration of the parameter space, but they require
an extensive training stage and do not independently resolve the conflict between multi-
ple criteria. Stochastic and quasi-Monte Carlo approaches [26—-29] are powerful numerical
methods for the global exploration of the parameter space and for sensitivity analysis [28—
31], using, respectively, random and low-discrepancy-generated samples for the efficient
investigation of multidimensional models [31,32]. However, by themselves they do not
provide a direct mechanism for selection under multicriteria conflicts. Owing to the well-
known conflict between flow rate and volumetric losses, as well as the mixed structure of
the variables, involving continuous geometric parameters and a discrete number of teeth,
the methods of mixed-integer nonlinear programming (MINLP) and multicriteria Pareto
optimization [33-41] emerge as the most promising theoretical apparatus for achieving an
engineering-interpretable compromise.

In this regard, the present paper represents a logical continuation (Part II) of the re-
search work, the main objective of which is: To conduct a systematic numerical and ana-
lytical investigation for optimizing the geometric parameters of a three-rotor pump with
cycloidal meshing with a view to maximizing its objective functions—the actual volumet-
ric flow rate Q and the volumetric efficiency 7,,. On this basis, multicriteria Pareto opti-
mization is performed to determine the optimal geometric configuration depending on
the specific operating regimes and the properties of the working fluid.

To achieve this general objective, the present work focuses on solving the second
main group of tasks from the overall study. Initially, the research process requires con-
ducting a parametric numerical investigation of the influence of the geometric parameters
on the output flow characteristics of the pump in order to establish their empirical optima.
A key point in the methodology is the implementation of a rigorous analytical proof that
these geometric optima are global strictly within the space of the two considered objective
functions, namely the actual flow rate and the volumetric efficiency, with respect to all
independent variables, which guarantees their validity under arbitrary operating regimes
and numbers of teeth.

The next phase of the work is directed toward constructing a mathematical model for
multicriteria Pareto optimization, formulated as a mixed-integer nonlinear programming
(MINLP) problem, in order to resolve the conflict in the selection of the number of teeth
z. The implementation of this task includes the generation of Pareto fronts and the ranking
of solutions by means of the PSIMS method under different operating conditions. As a
final stage, the task is set to derive accessible practical algebraic relationships that may
serve as a direct recommendation in the selection of an optimal geometric configuration.

Due to the large volume of the study, the tasks covering the formulation of the objec-
tive functions, the definition of the independent variables, and the refinement of the em-
pirical coefficients based on statistical processing of experimental data are presented in
detail in Part I. The present Part II is focused entirely on the analytical confirmation of the
optima, the multicriteria optimization, and the derivation of the final design relationships.

2. Materials and Methods

In order to ensure the self-contained nature and coherence of the presentation in Part
II, the present introduction summarizes the fundamental relationships and definitions es-
tablished in Part I, which will be used as a basis for the analytical proofs and the optimi-
zation procedure. In this regard, it should be additionally recalled that the empirical mod-
els used below were calibrated in Part I on the basis of measurements from a physical
prototype of the three-rotor pump, tested with Lubrica MH-L 68 hydraulic oil (LUBRICA,
Ruse, Bulgaria) at different pressures, rotational speeds, and temperatures. The geometry
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of the prototype, the equivalent radial and axial clearances, as well as the temperature-
dependent functions for the viscosity and density of the working fluid, were determined
from these experimental investigations. Therefore, the numerical investigation and opti-
mization in the present Part II are not based on arbitrarily selected coefficients, but on the
experimentally refined relationships derived and validated in Part I.

2.1. Geometric Model and Parameterization

The geometry of the gear is defined by the scale module m and three independent
dimensionless parameters: the number of teeth (lanterns) z of the central lantern gear,
the relative lantern radius 7, and the cycloid shortening coefficient A. The relative geo-
metric clearances and thickness are defined, respectively, as:

Relative equivalent radial clearance:

. _ 8
5 =2 ()
Relative equivalent axial clearance:
L_8
5y =2 @)
Relative thickness of the gears:
+=b
=2 ®)

For the experimental prototype, it was established that the scale module m is se-
lected depending on the fixed outer dimension (the root circle diameter of the hypocycloid
gear dy, according to the formula:

— Y
T ozant2rg 4)

In Part, it was clarified that the maximum displacement volume and theoretical flow
rate are achieved at the optimal point T,,;, where the parameters coincide and are calcu-

" _ _ 27(z—1)z2
Teopt = Aopt = \ 27— D22 +4(z+1)? ©)

2.2. Domain of Existence and Constraint Conditions

lated by the relationship:

Designing the pump requires the selected parameters to fall within the Domain of
geometric existence, defined by the blocking contour (BC). The system of four constraint
inequalities defining the feasible set reduces to the following boundaries:

Epicycloid teeth undercutting boundary:

;\S;\Emaxz\/l_iw 6)

27  z2(z-1)

Cycloid teeth interference boundary:
A< Apax =12 @)
Adjacent lanterns interference boundary:
e < Ty = gsing 8)

Minimum contact ratio boundary
sin[0]
ey min) 9
cos ( uZ,an) )

where [60] is the allowable angle of force transmission between the force F acting in the

Eumin* A> A =

center of the lanterns and the velocity ¥ of its application point. For geometric calcula-
tions, the following values are recommended: [8] = 30° and &, ,,,;, = 1.15 For the pre-
cise determination of the displacement volume in Part I, a high-accuracy approximation
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formula for the displacement volume q (error + 0.18%) was selected, expressed through

the dimensionless geometric coefficients as:
_ m3p*
9= To0o

[2(24.95 + 655\ + 12.357, — 2.252) + A(24.3A — 263) — 17 (86 + 1861) — 55.9] (10)

2.3. Criterion Equation for the Volumetric Efficiency (First Objective Function)

The mathematical model for the volumetric efficiency 7, is based on the similarity
theory and is defined by an approximation criterion equation derived from a set of simi-
larity criteria. For its precise formulation, the following dimensionless similarity criteria
were introduced:

Euler number for dimensionless pressure:

P

m=Eu=-——s (11)
Reynolds number for dimensionless viscosity:
11
M= Re = (12)

Here, p is the operating pressure of the pump, n is the rotational speed, p is the
fluid density, and p is its dynamic viscosity. In order to guarantee the mathematical cor-
rectness and strict dimensionlessness of the derived m-criteria, in the theoretical relation-
ships these quantities are defined strictly through their basic SI units: the pressure is in
[Pa], the rotational speed is in [s™1], the density is in [kg/m?], the dynamic viscosity is in
[Pa-s], and the scale module m is in [m]. Subsequently, however, in the numerical in-
vestigation and in the analytical proofs presented in Appendix A, the dimensions adopted
in engineering practice, such as bar, min~?, and mm, are used directly. In order to pre-
serve the dimensionlessness of the criteria during this transition, the corresponding con-
version factors are introduced into the equations; see Equations (A2) and (A3). This ap-
proach was deliberately chosen for several reasons. First, it allows direct work with the
raw experimental data without requiring their preliminary and extensive conversion,
which minimizes the risk of computational errors. Second, the use of practical units pro-
vides a clearer physical and engineering interpretation of the operating regimes. Finally,
it guarantees full consistency with the empirical relationships for the fluid properties cal-
ibrated in Part I, Equations (19) and (20), which were derived precisely on the basis of
these dimensions.

Since the hydraulic losses in the flow passages of positive-displacement hydraulic
machines are negligible [5], the pressure drop in the sealing clearances, on which the vol-
umetric leakages physically depend, practically coincides with the operating pressure of
the pump. On this basis, and in order to preserve strict consistency of the notation with
Part I, the parameter p is used directly here. In the same place, the area S, and the hy-
draulic diameter dg of the total equivalent clearance are also defined, as well as their di-
mensionless (relative) quantities S;; and dj, as follows:

Sy = 38" + 85[m(z + A) + 2(2 + m)r7] (13)

dt = 2{381b*+85[m(z+A)+2(2+m)ri]}
S 7 3(8%+b*)+485+T(z+ ) +2(2+T)TE

(14)

The relationship between the relative and absolute values of these parameters is as
follows:

Si= di=" (15)

m2’ m
The generalized dimensionless geometric coefficient K, combining all geometric pa-
rameters of the meshing, is defined through the dimensionless displacement volume g* =
gq/m? as:
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w—1
K = Snl@s)z~w (16)
o
In the refined criteria equation, a dimensionless viscosity simplex u* was intro-
duced, defined as:

«_ M

W= (17)

Here p, = 0.059636 Pass is the viscosity of standard hydraulic oil MHL 68 at tem-
perature T = 40 °C.

The dynamic viscosity itself u is defined through the kinematic viscosity v and den-

sity p by the relationship:
U= p-v (18)

The dependence of viscosity and density on temperature was approximated, respec-
tively, as:

v =—0.0038914 - T3 + 0.55695 - T? — 28.7511 - T + 571.583, mm?/s (19)

p =0.018782 - T? — 2.0441 - T + 905.03, kg/m? (20)

Finally, the refined criteria equation for the volumetric efficiency 7,, valid for the

considered design and operating modes, was derived as:
1

N, =1-13157569 - 1074 (I%)° " K, (21)

127
2

and represents one of the objective functions subject to optimization.

2.4. Equation of the Actual Flow Rate (Second Objective Function)

For the optimization of the actual volumetric flow rate and the volumetric efficiency,
taking the theoretical flow rate of the pump as

Qt =q-n (22)

the actual flow rate Q is defined by incorporating the volumetric efficiency 7, which ac-
counts for the internal losses:

Q=0 (23)

Equation (23) represents the second objective function subject to optimization.

3. Results and Discussion

Building entirely upon the theoretical and experimental apparatus summarized in
Section 2, the present section presents the sequential implementation of the adopted re-
search strategy. Since the mathematical models developed and validated in PartI describe
a complex multiparametric system, the direct search for an optimal configuration is prac-
tically impossible. Therefore, the presentation follows the logic of constructive step-by-
step development: it begins with an isolated numerical investigation of the individual ge-
ometric factors, proceeds through a rigorous analytical proof of their absolute optima, and
concludes with the application of multicriteria optimization to resolve the identified en-
gineering conflicts. This approach ensures that the final design recommendations are
based on a stable and proven theoretical foundation.

3.1. Numerical and Analytical Investigation of the Influence of Gear Parameters on the Volumetric
Efficiency and Actual Flow Rate of the Pump

It is well known from the theory of positive displacement hydraulic machines that
volumetric losses are primarily determined by internal working fluid leakages through
the radial and axial (face) clearances [42,43]. According to classical hydrodynamic
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principles and Poiseuille’s law for laminar flow in narrow gaps [44—46], the flow rate of
these leakages is directly proportional to the operating pressure of the pump p and the
cross-sectional area of the flow (clearances), while being inversely proportional to the dy-
namic viscosity p of the fluid. Therefore, the influence of the main operating parameters
on the volumetric efficiency 7, is physically justified and well documented in contempo-
rary scientific literature.

Increased leakages directly generate larger volumetric losses, which leads to a signif-
icant reduction in the volumetric efficiency of the pump. In fact, according to Poiseuille’s
law [45], the flow through such gaps is directly proportional even to the cube of the clear-
ance thickness, which makes these geometric dimensions critical for volumetric efficiency.

Although the overall physical picture of hydraulic losses is clear, for the considered
innovative design of a three-rotor pump with bilateral lantern meshing, the isolated and
combined influence of the specific geometric parameters on these leakages is not yet fully
understood.

To investigate this problem, a detailed numerical and analytical analysis of the influ-
ence of geometry on the volumetric efficiency of the machine under various operating
conditions and different viscosity values is conducted in this section. The study is based
on the previously derived mathematical models—Equation (10) for determining the the-
oretical displacement volume and the refined criteria Equation (21) for the volumetric ef-
ficiency. Since a generalized geometric coefficient, combining all key dimensions of the
gear meshing, is integrated into the structure of Equation (21), this model provides the
necessary mathematical framework for a precise quantitative evaluation of the relation-
ship between the pump geometry and its volumetric characteristics.

To ensure a correct comparative analysis of the pump’s performance and efficiency
in terms of flow rate, similar to the analysis of the displacement volume, strict constraints
are imposed on the outer dimensions of the pump element. In the radial and axial direc-
tions, the root circle diameter of the hypocycloid gear dy; and the face width b are, re-
spectively, assumed to be constant. According to the adopted methodology, with each
variation in the independent parameters (z, 77, or 1), the scale module of the gear m is
recalculated relative to the fixed dimension dyf using Formula (4). Here, the relative
clearances must be additionally recalculated using Equations (1) and (2). Otherwise, the
flow cross-sections and the equivalent leakage clearances would change, which would
compromise the objectivity of the comparison.

Based on this, a parametric study is implemented, in which the influence of the lead-
ing geometric factors—z,r, and A—is sequentially isolated and analyzed. Within the
scope of this study, we aim to answer the following questions:

e How do the dimensionless geometric parameters—the number of teeth z, the rela-
tive lantern radius 7, and the cycloid shortening coefficient 1—affect the volumetric
efficiency 7, and at what values of these parameters is the maximum volumetric
efficiency achieved?

e Is the maximum volumetric efficiency 7, realized with the same geometric parame-
ters under all operating conditions and working fluid properties?

e Do the optimal geometric parameters of the pump coincide with respect to the crite-
ria for maximum actual flow rate @ and maximum volumetric efficiency n,?

3.1.1. Numerical Investigation of the Volumetric Efficiency

Using the refined Equation (21) for the volumetric efficiency, an analysis of the influ-
ence of the number of teeth z and the gear coefficients 7 and 4 on the volumetric effi-
ciency of the pump can be performed.

Figure 1 shows the dependence of the volumetric efficiency 1, on the relative lan-
tern radius 7/ and the cycloid shortening coefficient A. To specifically isolate the
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influence of the coefficients that define the profiles of the cycloidal teeth, the remaining
parameters are fixed. The values of the geometric quantities correspond to those of the
physical prototype, namely: number of teeth z = 7, root circle diameter of the hypocy-
cloid gear dyy=57mm, face width b =10mm, equivalent clearances 8§, =&, =
0.012 mm. With respect to the operating conditions and the properties of the fluid, in order
to ensure the representativeness of the analysis, typical mean values are adopted: pressure
p = 20 bar, rotational speed n = 2000 min~?, and viscosity u = 0.05449 Pas.

Fixed geometric o Steady-state parameters
parameters and tooth count T}‘V = f(l'c, /\) p=20 bar, n=2000 min”!
dHf:57 mm, b=10 mm, i =0.05449 Pa.s

§1=52=0,012 mm, z=7

0.8 4
0.6

>
= 04

0.2 -

08T o865 08508463 0'8%'8%3 -

085084 63 0% sy, = 16

AT 14
078 — : 0.74
=~ 0.8 I:
0.5 0.6 c 0.72
Figure 1. Dependence of the volumetric efficiency 1, on the relative lantern radius r/ and the cy-
cloid shortening coefficient A at the following constant values: number of teeth z, root circle diam-

eter of the hypocycloid gear dy, face width b, equivalent clearances &; and$,, pressure p, rota-

tional speed n.

Itis evident that with a decrease in 7' and anincrease in 4, the volumetric efficiency
1, increases relatively linearly, with the coefficient 1 having a greater influence on the
variation in the volumetric efficiency. In the entire range of v/ = 0.4 + 1.5, the volumetric
efficiency decreases by approximately 6% (1, = 78 + 72%), while for A = 0.42 + 0.89
the increase is about 15% (0, = 76 + 89%). The decrease in 7, with the increase in 77" is
explained by the fact that as the radius of the lanterns increases, the area of the axial clear-
ance between the lanterns and the lateral distributor, as well as the volumetric leakages
through it (Figure 2), increase to a greater extent than the increase in the displacement
volume g and the theoretical flow rate Q. The increase in the volumetric efficiency with
the increase in A is due to the fact that the displacement volume q and the theoretical
flow rateQ; become larger without significantly changing the radial clearance and the
leakages Ag; within it (Figure 1 in [10]).

This also explains the more significant influence of 4 on 1, compared with 7, since
with an increase in 4, the volumetric losses Aq,, in the axial clearance between the lan-
terns and the lateral distributor remain almost unchanged, unlike with the variationin 7.
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Figure 2. General view of the gear meshing geometry at a different number of teeth z and constant
overall dimensions dp.

From the above, considering the blocking contours of the gear (Figure 3 in [10]), it
becomes clear that the volumetric efficiency also reaches its highest values at 1¢,,: = Aope,
as was also established for the displacement volume (see Equation (5)). Taking into ac-
count the complex influence of 7 and A on the theoretical flow rate Qr (displacement
volume) and the volumetric efficiency, the pump will have the maximum actual flow rate
Q again at 1,y = Agpe-

Figure 3 shows the influence of the number of teeth z on the volumetric efficiency
N, at the same constant values: dyf,8; = 6,, b, and p.
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Constant geometric dimensions
and number of teeth
dHf=5? mm, b=10 mm,

51=§2=0.012 mm, z=7

n. =f(z, n) Steady-state
v I
parameters
p = 20 bar
1 =0.05449 Pa.s

0.9

0.85

08|

0.75 ¢

0.7

0.65

Steady-state

and number of teeth parameters
dHf=57 mm, b=10 mm, n = 2000 min”’

Constant geometric dimensions g, = f(z, p)

4,=6,=0.012 mm, z=7 o =0.05449 Pa.s

0.95
0.9

0.857

0.8 r

0.75

0.7

0.65

0.6

(b)

Figure 3. Dependence of the volumetric efficiency 1, on the number of teeth z, rotational speed n,

and pump pressure p at the following constant values: root circle diameter of the hypocycloid gear
dyy, face width b, equivalent clearances §; and &,: (a) at constant pressure p = 20 bar; (b) at con-

stant rotational speed n = 2000 min~?.
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With an increase in z at a constant pressure p = 20 bar (Figure 3a), the volumetric
efficiency 1, increases nonlinearly with a growth rate 0(z") (Landau symbol) and de-
gree 0 < h < 1, and at lower values of n, this dependence is more pronounced (h is
closer to 0). For a number of teeth z = 4 + 13 (a range whose lower boundary is deter-
mined by the unacceptable deterioration of the operating characteristics at a smaller num-
ber of teeth—mainly high flow-rate pulsation and problems with the sealing of the work-
ing chambers [5], while the upper boundary covers the most common design solutions)
and a speed n = 3000 min~?, the volumetric efficiency increases by about 7% (n,, ~ 88 +
95%), whereas at n = 1000 min™! this variation is within 19% (1,, ® 66 + 85%). The con-
sidered boundary values of the rotational speed correspond to the experimentally estab-
lished operating range of the investigated machine.

The increase in n, with the increase in z at constant dimensions dy and b can be
explained by the fact that the radius of the lanterns decreases, which in turn reduces the
displacement volume g and the volumetric leakages Aq,, in the axial clearance between
the lanterns and the lateral distributor. However, the change in the leakages Aq,, is greater
than the change in g, whereby the relative leakages Aq,,/Qr in this axial clearance de-
crease, and the volumetric efficiency 7, increases. The nonlinearity of this dependence is
mainly due to the nonlinear variation in the lantern radius and the leakages Aq,,.

In all cases, low rotational speeds are unfavorable for the volumetric efficiency. For

example, for z = 6, the volumetric efficiency is 1, = 89% at n = 3000 min~?!

and 1, =
74% at n = 1000 min~". This is explained by the decrease in the theoretical flow rate Qr
due to the reduction in the speed n and the insignificant change in the volumetric losses
AQ. The increase in n,, with the increase in n is also nonlinear, with a growth rate 0(z")
and degree 0 < h < 1, being more pronounced for a smaller number of teeth z.

Figure 3b graphically presents the dependence of the volumetric efficiency n, on the
number of teeth z and the pressure p at a constant rotational speed n = 2000 min~*. It
is known that as p increases, the volumetric efficiency 1, decreases due to the increased
pressure drop in the flow passages of the machine. These results confirm the fundamental
dependencies well known in the classical theory of positive-displacement gear machines
[5]. The significance of this analysis lies in the quantitative assessment of this classical
conflict (between the decreasing flow rate and the increasing volumetric efficiency) for the
specific kinematics of the new three-rotor pump, which also creates the objective need for
subsequent multicriteria Pareto optimization.

3.1.2. Comparative Analysis and Analytical Proof of the Global Optimum Regarding the
Actual Flow Rate and Volumetric Efficiency

Since the actual flow rate depends on both quantities, the influence of z on the actual
flow rate and how it quantitatively compares with the volumetric efficiency in quantita-
tive terms are of particular interest.

Figure 4 graphically shows the variation in the actual flow rate Q and the volumetric
efficiency 1, with a change in the number of teeth z, at optimal coefficients 7¢,,, and
Aopt, again constant dimensions dyy =57 mm and b = 10 mm, clearances §; = §, =
0.012 mm, and average viscosity p = 0.05449 Pa-s. From the pressure isolines at an aver-

age constant rotational speed n = 2000 min~*

in Q — z coordinates (Figure 4a), it can be
seen that the pump has a maximum flow rate Q,,,, at z = 5 =+ 7, with the influence of
the number of teeth on the flow rate being more significant at lower pressures. For exam-
ple, at the lower boundary of the investigated operating pressure p = 5bar and z =
4 + 14 (the already defined operating range), the flow rate Q varies by about 9 L/min
(34% of Q.4x), while at the maximum pressure for the same range p = 35 bar, this varia-

tion is about 3.7 L/min (19.5% of Qpax)-

https://doi.org/10.3390/machines14070720
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Q= f(z) and 7, = f(z) at p = 5, 10, 15, 20, 25, 30, 35, bar
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Figure 4. Dependences of the actual flow rate Q and the volumetric efficiency n,, on the number of
teeth z atoptimal coefficients 7¢,,; and Aoy, constant dimensions dyy = 57 mm and b = 10 mm,

clearances §; = 8, = 0.012 mm, and viscosity p = 0.05449 Pa.s: (a) at various pressures p and a
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constant rotational speed n = 2000 min~%; (b) at various rotational speeds n and a constant pres-

sure p = 20 bar.

Considering the positive influence of z on the volumetric efficiency (Figure 4a), it is
recommended in the design of pumps of this type that the number of teeth be selected
between z = 7 =+ 10.Larger values of z are recommended at higher pressures p = 30 +
35 bar, and conversely, smaller values are preferred at lower pressures. In this way, a
higher flow rate Q will be achieved without significantly affecting the effective operation
of the pump (especially at rotational speeds n = 2500 -+ 3000 min~*). At nominal operat-
ing modes (p = 25 bar), the volumetric efficiency n, will decrease by approximately 5%.

The situation is analogous regarding the influence of z on the actual flow rate Q at
different rotational speeds n and a constant pressure p = 20 bar (Figure 4b), although
here this influence is more pronounced at higher rotational speeds. For example, at n =
3000 min~! and z = 4 + 14, the flow rate Q variesby about 10.5 L/min (28% of Qmax),
while at n = 1200 min™?, this variation is about 6 L/min (40% of Qpax)-

3.1.3. Conclusions and Formulation of a General Optimization Problem

The analysis of the numerical investigation conducted so far and the presented
graphical dependences (derived for z = 7) reveals a clear trend: both in terms of the vol-
umetric efficiency 1, and in terms of the displacement volume q and the theoretical flow
rate Qr, the maximums are reached at the exact same values of the relative lantern radius
coefficient and the cycloid shortening coefficient—namely, at 17,,, and A,,.. This pro-
vides strong grounds to hypothesize that this pattern is valid across the entire range of
variation for the number of teeth z. Although this assumption could be verified by repeat-
edly performing numerical simulations for all possible values of z, it is much more ra-
tional and scientifically rigorous to prove the universality of these optimums strictly ana-
lytically.

Simultaneously, the numerical results also indicate a clear contradiction regarding
the number of teeth z—a small number of teeth maximizes the flow rate, while a large
number of teeth maximizes the volumetric efficiency. To provide a definitive answer to
the raised questions, it is necessary to verify the following:

e Whether the established optimal values 7,,, and A,,; remain valid under all pos-
sible operating modes (arbitrary pressures and rotational speeds).

e Whether these optimums are absolutely valid for any possible number of teeth z.

e  Whether the conflicting trend in selecting the number of teeth z (maximum flow rate
versus maximum volumetric efficiency) is preserved under all operating conditions
and modes.

All of this can be proven through a single, comprehensive analytical proof. By for-
mulating and solving a general optimization problem for the simultaneous maximization
of the actual volumetric flow rate @ and the volumetric efficiency 1, the universality of
these patterns will be mathematically confirmed. This proof will guarantee that the estab-
lished optimums are absolute, providing a solid foundation for the subsequent resolution
of the conflict in selecting the optimal number of teeth z.

3.1.4. Definition of the Optimization Problem and Analytical Proof for the
Global Optima

Based on the conclusions from the previous section, an analytical optimization prob-
lem is formulated and solved here to prove the existence of a global maximum of the con-
sidered objective functions for some fixed design and geometric parameters of the pump.
In the present study, the term “global optimum” is used in a limited mathematical sense
and refers to the two objective functions considered separately: the actual flow rate @ and
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the volumetric efficiency 7,. In this analytical step, the variables are 4, 7, p, n, and T,
while z, dyf, §; and &, are considered as fixed parameters. The aim is to show that the
optimal values of 4, 7, p, n, and T obtained in the separate optimization of Q and 7,
coincide and remain valid for each fixed number of teeth z. The number of teeth z is then
varied and considered as a discrete variable. At this stage, the problem is strictly bi-objec-
tive, since the two criteria conflict with respect to z: a smaller z favors the actual flow
rate, whereas a larger z favors the volumetric efficiency. Therefore, a Pareto front is con-
structed, and one compromise solution is selected by means of the PSIMS method. Finally,
in order to support practical design, an approximation formula is proposed for selecting
z as a function of p and n.

The investigation is conducted using the already adopted fixed overall parameters
dyy =57 mm, b =10 mm, and clearances &; = 6, = 0.012 mm. This means that based on
what has been stated so far, the vector X consists of the variables: z, A, 1, p,p,n, i.e., X =
(A1, p, ).

As mentioned (Part I) in Formulas (19) and (20), based on experimental data, empir-
ical relationships for the density p, kinematic and dynamic viscosity v,p as functions of
temperature T were derived from experimental data. Thus, the investigated functions
implicitly depend on the temperature T, and the vector X takes the form X =
Xz, Al p,0n1,T).

Taking into account the objective functions (21) and (23) and constraint inequalities
(6)—(10) and (26)—(42), the following bi-objective optimization problem and system of con-
straints are formulated:

max{ Q(X)} (24)
max{ 7, (X)} (25)

subject to constraints:
a0y =2—(1- %)% <0 (26)
Gour) = =17 <0 27)
9:0) =72 = (3)sin(5) <0 (28)
90 = 2+ ﬁ <0 (29)
hi(p,T) =p—p(T) =0 (30)
hy(lp, T) = p—p(THV(T) =0 (31)
z <17 (32)
z >4 (33)
<16 (34)
=05 (35)
p <55 (36)
p =5 (37)
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T <50 (38)

T >25 (39)

n > 1000 (40)

n <3600 41)

z€Z, Arvhp,pnuT€ERY (42)

The problem (24)-(42) formulated in this way is a multi-objective mixed-integer non-
linear optimization problem. The multi-objective nonlinear problem with mixed-integer
variables (MOMINLP type) is mainly characterized by the fact that instead of a single
“best” answer, there is usually a set of non-dominated (Pareto-optimal) solutions, among
which a subsequent choice is made according to preferences or a selection rule [33,34].
The nonlinearity almost always introduces nonconvexity and multiple local optimums, so
the front might be discontinuous, disconnected, or nonconvex, and methods such as linear
combination with weights often capture only a part of it. The integer variables add dis-
creteness and lead to clusters of solutions and jumps in the front, because when changing
an integer value, the structure of the feasible set and the optimal compromises change
sharply [35-37]. This makes the solution sensitive to starting points, scaling/normalization
of the criteria, and the method of constraint handling, as well as requires reliable MINLP
strategies [36-38]. Therefore, in real-world applications, hybrid strategies are often used —
for example, looping over the integer values and solving a continuous subproblem, after
which the non-dominated ones are filtered and a selection criterion is applied. Alterna-
tively, population-based heuristics/metaheuristics (e.g.,, MOEA/NSGA-II) are also used,
which are convenient for approximating complex, nonconvex fronts with limited analyti-
cal information [39,40].

The specific nature of the model and the dimensionless groups used suggest that the
two criteria do not enter into a significant conflict over a wide range of feasible modes,
but rather vary in tandem: conditions that increase the energy and hydrodynamic “capac-
ity” of the system simultaneously support both the increase in flow rate and the preserva-
tion/increase in efficiency. From a physical point of view, this leads to the hypothesis that
the optimal modes are realized at the boundaries of the feasible domain for some of the
controllable parameters, namely at minimum temperature, minimum pressure, and max-
imum rotational speed, which is typical for problems with pronounced monotonic rela-
tionships [41].

This hypothesis serves as the motivation for an analytical approach, in which, relying
on the monotonic properties of the objective functions and the constraint conditions, a
strict justification is sought that the indicated boundary modes are indeed optimal (or Pa-
reto-optimal) for the considered model and constraints.

As previously established, the maximum displacement volume is obtained at point
Tope within the domain of existence of the gear at A,,; and ¢, (given in Equation (5)).
This motivates checking whether the optimal solution for both criteria (24, 25) is located
at the same point and conditions:

T =Tuins P = Pmins N = Niax-

The proof of the above statement is given in Appendix A.

In summary, the general mathematical proof conducted fulfills its main purpose —to
strictly validate the engineering hypotheses proposed based on the numerical investiga-
tion. The connection between the proposed hypotheses and the analytical proofs can be
systematized as follows:
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¢ Regarding the influence of operating modes: Through Stage I (Lemma 1), the strict
global monotonicity of the objective functions with respect to the pressure p, the ro-
tational speed n, and the temperature T is proven. This definitively confirms the hy-
pothesis that the geometric optima remain valid under all possible operating modes.

e Regarding the universality at an arbitrary number of teeth z: Through Stage II
(Lemma 2 and Lemma 3) and the subsequent Theorem 1 and Theorem 2, it is proven
that for any fixed z € {4, ..., 17}, the extrema of the two objective functions (24)—(25),
taken separately, always lie on the boundary of the feasible set defined by the expres-
sions for ¢4, and A,,.. This proves that the optimal geometry of the profile does
not depend on the number of teeth.

e Theorem 3 proves that the two criteria (flow rate and volumetric efficiency) reach
their global maximum at the same point with respect to the continuous geometric
parameters.

¢ Regarding the discrete parameter z, a conflict is observed between the two criteria
under all operating regimes.

The conducted analytical proofs provide a definitive answer to the raised questions:
the optimal values of 7{,,, and A, remain valid and unchanged under all possible op-
erating modes, as well as at an arbitrarily selected number of teeth z. However, with re-
spect to the selection of the number of teeth z itself, the conflict between the actual flow
rate Q and the volumetric efficiency 7, remains valid under all operating regimes. For
the compromise resolution of this contradiction, multicriteria Pareto optimization can be
applied, which is the subject of investigation in the next subsection.

3.2. Multi-Objective Pareto Optimization and Selection of the Optimal Number of Teeth Under
Various Operating Modes

Based on the conclusions from the previous section and the conducted analytical
proofs (Appendix A), the geometric parameters 17, and A,,; have already been de-
fined as constant global optima for the system under all operating conditions. However,
the question of selecting the number of teeth z remains unresolved. Since, with respect
to this discrete variable, it has been proven that an unavoidable engineering conflict exists
between the two objective criteria—the maximization of the flow rate @ and the volumet-
ric efficiency 1, —their simultaneous satisfaction represents a problem from the class of
mixed-integer nonlinear programming (MINLP).

As justified in the literature review, classical gradient-based or stochastic methods
cannot independently resolve such a multi-objective contradiction involving discrete var-
iables without imposing preliminary subjectivity, for example, by using weighting coeffi-
cients. Therefore, in order to overcome this conflict, multicriteria Pareto optimization is
applied in the present subsection. This mathematical apparatus enables the simultaneous
and equivalent consideration of the two objective functions, deriving a set of nondomi-
nated solutions (Pareto fronts), which serves as an objective basis for subsequent engi-
neering selection.

To ensure clarity and logical progression, the study follows a strictly defined logical
sequence, including the following main stages:

e  Discretization of the operating space: Defining a two-dimensional grid of operating
modes (varying pressures p and rotational speeds n).

¢  Generation and ranking of solutions: For each individual mode, the bi-objective
problem is solved, generating non-dominated solutions (Pareto fronts). By applying
a specialized ranking method, a single, most balanced compromise optimum for the
corresponding mode is objectively selected.

https://doi.org/10.3390/machines14070720



Machines 2026, 14, 720

17 of 31

e  Analysis of physical trends: Investigating the obtained optimal values for the num-
ber of teeth z and providing a physical explanation of the patterns governing them
as the operating pressure and rotational speed change.

e  Derivation of an engineering mathematical model: As a final and practically most
significant result, the array of optimal solutions will be approximated. An algebraic
relationship is derived, which allows the direct calculation of the optimal number of
teeth as a function of the specified operating parameters and modes.

3.2.1. Multi-Objective Pareto Optimization

According to the formulated logical sequence, the study begins with the first stage —
discretization of the operating space. For this purpose, a two-dimensional parametric
sweep is implemented over a discrete grid of operating points (p,n), where the pressure
varies as p = 5- kbar (for k = 1,..,11), and the rotational speed as n = 500 - k min™*
(for k = 2,...,7). When generating these points, the geometric coefficients are assumed to
be uniquely defined by the already proven Equation (A20) for 1{,,; and A,p;.

For each combination of pressure and rotational speed, the bi-objective optimization
problem is solved. Each solution represents a collection of Pareto-optimal points [47]. A
specific number of teeth z corresponds to each non-dominated point. These points are
ranked using the PSIMS (Parameter Space Investigation with p-Selection) method [48,49].
This approach reduces the Pareto front to ranked subsets, with the point having the max-
imum rank being selected as the Salukvadze optimum [50] —the solution that most uni-
formly approximates the utopian values under the hypothesis of equivalent criteria.

3.2.2. Selection of the Optimal Number of Teeth Under Various Operating Modes

Each optimal point generates a two-dimensional grid of “optimal” number of teeth
for a specific(p,n) combination, presented in Figure 5.

Consistent trends are observed. For a fixed rotational speed n, the number of teeth z
increases with an increase in pressure p, and this trend intensifies at low speeds. Con-
versely, at a fixed pressure, the number of teeth decreases with an increase in speed. This
functional dependence z = f(p,n) can be approximated extremely accurately with a
power law of the form:

f(p,n) = cp*n® +d (43)

After approximating the experimental data, the parameter values (and their confi-
dence intervals) are:

a=1.158 (0.9727, 1.344)
b =—0.838 (—0.9454, —0.7306)
c =24 (8.134, 39.86)

d=7.186 (6.879, 7.493)

The approximation has a high coefficient of determination R? = 0.9603, which con-
firms its adequacy (Figure 6a). Since the number of teeth is a natural number, the model
is rounded to:

f.(p,n) = round(cp*n® + d) (44)
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Figure 5. Optimal number of teeth z for a set of pressures p and rotational speeds n.
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Figure 6. Optimal number of teeth z—experimental (points) and approximated (surface) values: (a)

model according to Equation (43); (b) model with rounding to an integer (44).

These dependencies have a clear physical explanation. The actual flow rate and vol-
umetric efficiency are related by:

Q=q-n-my (45)
1 _127
nw=1-C-K- 1.[2.731.[20.73 (46)
This yields the relationship for the losses:
1 1.27
07075 ~ pr;n-1 (47)

Increasing the pressure p amplifies the leakages (the penalty term), which requires
a geometry with higher hydraulic tightness (a larger number of teeth z). Conversely, as
n increases, the relative influence of leakages weakens, allowing the selection of a smaller
number of teeth, favoring the larger displacement volume gq.

As seen from Figure 7, high values of volumetric efficiency (1, > 0.95) are achieved
primarily at low pressures. The derived patterns and Equation (43) provide a powerful
and easy-to-use engineering tool for selecting the optimal number of teeth when
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Actual flow rate Q 43 Volumetric efficiency 5

designing three-rotor pumps for specific operational conditions and operating modes.
When searching for the optimal number of teeth z,,, under various operating modes, it
is already definitively clear that the optimal values of the relative lantern radius and the
cycloid shortening coefficient must be adopted according to the derived Equation (A20).
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Figure 7. Optimal number of teeth z (integers) and their corresponding characteristics for a set of

p and n: (a) actual flow rate Q; (b) volumetric efficiency n,,.

The conducted parametric numerical investigation and the subsequent multicriteria
optimization reveal the complex interrelationship between the geometric parameters and
the operating performance indicators of the three-rotor pump with lantern meshing. The
obtained results highlight several key discussion points, which have both theoretical and
direct practical significance.

First, the analytical proof of the invariance of the optimal values of the relative lan-
tern radius 77y, and the cycloid shortening coefficient A,,, represents a substantial con-
tribution to the geometric theory of this type of machine. The fact that these coefficients
ensure a global maximum simultaneously for the working displacement g, the actual flow
rate Q, and the volumetric efficiency n,, independently of the operating pressure p or
the rotational speed n, significantly simplifies the selection of these parameters in the in-
itial stages of design. This means that the designer can preliminarily fix these two param-
eters according to the established optima, eliminating them as variables in the subsequent
optimization process.

Second, the results clearly define and quantitatively express the main engineering
conflict with respect to the number of teeth z. It was established that decreasing the num-
ber of teeth leads to a significant increase in the specific working displacement, but at the
same time shortens the length of the sealing clearances, which reduces the hydraulic seal-
ing of the gearing and leads to a decrease in the volumetric efficiency n,, especially at
higher pressures. Conversely, a larger number of teeth improves the sealing, but limits
the flow rate while preserving the same external dimensions. This analytically irresolvable
conflict proves that there is no single “perfect” geometry for all cases, and that the opti-
mum is strictly dependent on the specific application and operating regimes of the pump.

It is precisely here that the strength of the applied multicriteria Pareto optimization
(MINLP) becomes evident. Through it, the problem is transferred from the sphere of the-
oretical compromises into the field of exact mathematical solutions. The generated Pareto
fronts and their ranking by the PSIMS method allow an objective selection of configura-
tions. The algebraic relationship z,,. = f(p,n) derived as a result is a practical outcome
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of the study. With a very good coefficient of determination (R* = 0.9603), this empirical
function transforms the complex optimization algorithm into an accessible algebraic en-
gineering relationship.

The obtained optimal parameters have a direct engineering interpretation. First, the
values of 17,,: and A, fix the basic geometry of the lantern meshing. Then, for a given
operating pressure p and rotational speed n, the derived approximation relationship al-
lows the recommended number of teeth z to be selected. After the selection of z, r, and
A, the scale module m is determined from the specified external size dy, and from it the
real design dimensions of the pump element are obtained. Therefore, the proposed meth-
odology may be used as a tool to support the initial stage of design. However, it does not
replace the final engineering verification, in which the manufacturability of the cycloidal
profiles and lanterns, the achievable clearances, the strength and stiffness of the elements,
the bearing loads, the tribological conditions, the flow-rate pulsations, the risk of cavita-
tion, and the acoustic characteristics must be taken into account.

In summary, the proposed methodology not only explains the physical behavior of
three-rotor pumps with lantern meshing but also closes the cycle from pure mathematical
modeling to direct industrial application, providing designers with a clear algorithm for
creating highly efficient hydraulic machines with respect to performance and volumetric
losses, adapted to specific operating regimes.

Regarding the “universality” of the profile optima (7,,, and A,p.): The claim of uni-
versality, stated in Part I and proven in Part II (Theorems Al, A2, and A3), refers strictly
and solely to the geometric optima of the profile. As is evident from the mathematical
proofs in Part II, the determination of the global extremum with respect to these two pa-
rameters is carried out by investigating the monotonicity of the generalized geometric co-
efficient K, the function P(A, 7). These proofs arise from the structure of the geometric
relationships themselves and do not depend on the numerical values of the empirical co-
efficients (B; and w). Therefore, although the model is calibrated on one prototype, the
mathematical conclusion that these optima are valid for this type of cycloidal machine
remains strictly analytically justified.

In this context, it is important to clarify that although the coefficients in the criterion
equation for the volumetric efficiency are determined through experimental data obtained
from one specific prototype, the analytical conclusions drawn are not limited solely to it.
The experimental data mainly serve to calibrate the numerical values in the model,
whereas the regularities concerning the location of the profile optima and the conflict be-
tween the actual flow rate and the volumetric efficiency with respect to the number of
teeth z are derived from the geometric structure of the considered type of pump. In order
to specify the scope of this validity, Theorem A4 is formulated in Appendix A, demon-
strating that the proofs retain their validity for calibration coefficients within the lim-
itsB; > 0 and 1 <w < 1.30. Therefore, insofar as the calibration coefficients remain
within these proven limits, the conclusions drawn should be considered valid for this type
of three-rotor pump with lantern meshing, and not only for the experimentally investi-
gated prototype.

It is important to emphasize the strict scope of the conducted optimization. Since the
considered three-rotor pump has an innovative kinematic structure, the construction of
its mathematical apparatus follows a clear hierarchy, and the present study deliberately
limits itself to maximizing the actual flow rate and the volumetric efficiency. Undoubt-
edly, a complete performance assessment requires additional analysis of torque, mechan-
ical and overall efficiency, evaluation of mechanical and hydraulic losses, tribological in-
vestigations of wear, as well as analysis of acoustic indicators, etc. Nevertheless, their re-
liable mathematical modeling for this new design is practically impossible without a pre-
viously clarified and optimized volumetric-geometric basis. In this sense, the proposed
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methodology does not claim to provide an exhaustive multiphysical global optimum of
the machine as a whole but defines its absolute volumetric optimum. This result has fully
independent scientific and applied significance and provides the necessary fundamental
basis for the subsequent development of models for mechanical and hydraulic losses.

4. Conclusions

Building upon the mathematical models validated in Part I and the numerical and
analytical investigations conducted in this Part II, the following main conclusions are
drawn:

e  Through a parametric numerical investigation across the entire domain of existence
of the gear, conducted at a fixed number of teeth, the optimal values of the dimen-
sionless geometric parameters were established: the relative lantern radius 7¢,,, and
the cycloid shortening coefficient A,y,.. These values, calculated using Formula (5),
coincide with the optimums established in [51] for achieving maximum displacement
volume. Since the actual flow rate is proportional to the displacement volume and
the volumetric efficiency, it follows that it also reaches its maximum at the same co-
efficient values.

e  Theresults of the numerical investigation at a specific operating mode indicate a con-
flict regarding the number of teeth z—a small number of teeth contributes to max-
imizing the displacement volume, while a large number of teeth leads to an increase
in volumetric efficiency.

e  The results of the numerical investigation demonstrate the need for a general proof
valid for all modes, and in this regard, a rigorous analytical proof is presented, based
on investigating the extremums of the criteria equation, confirming the universal na-
ture of the established geometric optima. It is proven that r{,,, and 24,,, donot de-
pend on the operating mode (pressure and rotational speed), fluid properties (vis-
cosity), or the selected number of teeth z.

e A multi-objective Pareto optimization (MINLP) procedure was applied to maximize
the actual flow rate and volumetric efficiency, successfully resolving the conflict be-
tween high displacement volume and hydraulic tightness. Pareto fronts are gener-
ated, which are ranked using PSIMS selection, objectively choosing the optimal val-
ues for the number of teeth z,,, for the specific operating mode—working pressure
p and rotational speed n.

e Afunctional relationshipz,,, = f(p,n) was derived, approximating the results of the
Pareto optimization with high accuracy (R? = 0.9603). This formula could be used as
a tool to support the initial design stage, but strictly with respect to the volumetric
performance indicators of the pump, namely the actual flow rate and the volumetric
efficiency. However, it categorically does not replace the final engineering verifica-
tion for the corresponding specific application.

In the future, it is planned to use the developed prototype as a component of an elec-
tro-hydraulic servo drive system. In this type of system, regardless of whether modified
PID controllers [52] or model predictive control (MPC) algorithms [53] are applied, the
availability of an adequate mathematical model of the flow rate and volumetric leakages
is critical for the control quality. Therefore, the obtained empirical dependencies for the
actual flow rate and volumetric efficiency of the current prototype will be integrated into
the mathematical model of the future servo system. This is expected to contribute to a
higher degree of agreement between the numerical simulations and the real experimental
data under dynamic operating conditions. Analogous to the temperature compensation
approach proposed in [54], the same dependencies will be utilized in simulating the servo
system under variable temperature and operational conditions. Since the change in
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temperature directly affects the dynamic viscosity and density of the working fluid (which
is already accounted for in the derived pump equations), this directly impacts the nature
of the ongoing dynamic processes. The use of the proposed model, accounting for these
influences, will create prerequisites for a better correlation between the numerical model-
ing of the processes and the actual system performance.

Another direction for the future development of the present study is the extension of
the developed methodology to the investigation of the torque and mechanical efficiency.
Based on the defined pump geometry and depending on the operating pressure, depend-
encies for the theoretical torque can be obtained. By applying the mathematical apparatus
of similarity theory and dimensional analysis, the dimensionless similarity criteria gov-
erning the mechanical losses are to be identified. This will allow the formulation of a math-
ematical model in the form of a criterion equation for the mechanical efficiency, whose
empirical coefficients will be refined using experimental data. The joint determination of
the dependencies for the theoretical torque and mechanical efficiency will provide the
necessary basis for investigating the actual pump torque, as well as for its optimization
concerning the geometric parameters under various operating conditions.

Author Contributions: Conceptualization, .N. and I.G.; methodology, I.N.; software, L.G. and S.G;
validation, LN., I.G. and S.G.; formal analysis, I.N.; investigation, LN. and I.G.; resources, LN. and
I.G.; data curation, I.N. and S.G.; writing —original draft preparation, LN. and S.G.; writing —review
and editing, LN., I.G,, S.G. and G.I,; visualization, 5.G.; supervision, I.N.; project administration, I.N.
and S.G,; funding acquisition, LN., I.G. and S.G. All authors have read and agreed to the published

version of the manuscript.

Funding: This study was financed by the European Union—NextGenerationEU, through the Na-
tional Recovery and Resilience Plan of the Republic of Bulgaria, project No. BG-RRP-2.013-0001.

Data Availability Statement: Data is contained within the article.

Acknowledgments: The authors are grateful to the anonymous reviewers, whose constructive com-

ments have significantly contributed to the improvement of the quality of the paper.

Conflicts of Interest: The authors declare no conflicts of interest. The funders had no role in the
design of the study; in the collection, analyses, or interpretation of data; in the writing of the manu-

script; or in the decision to publish the results.

Abbreviations

The following abbreviations are used in this manuscript:

MINLP  Mixed-Integer Nonlinear Programming

MOMINLP Multi-Objective Mixed-Integer Nonlinear Programming
PSIMS Parameter Space Investigation with p-Selection

MOEA Multi-Objective Evolutionary Algorithm

NSGA-II  Non-dominated Sorting Genetic Algorithm II

SI International System of Units
MPC Model Predictive Control

PID Proportional-Integral-Derivative
Nomenclature

b Gear width

b* Relative gear width

dys Root circle diameter of the hypocycloidal gear
ds; Hydraulic diameter of the equivalent clearance
d; Dimensionless hydraulic diameter

Eu Euler number for dimensionless pressure
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Force acting on the pin center

Generalized dimensionless geometric coefficient
Scale module of the gear

Rotational speed

Operating pressure (pressure drop)

S X T

Actual volumetric flow rate
Theoretical flow rate

~

QL OQOT 3

Volumetric displacement

*

Dimensionless volumetric displacement
Aq, Leakages in the radial clearance
Aqy; Volumetric losses (leakages) in the axial clearance between the pins and the front distributor

~

Re Reynolds number for dimensionless viscosity

7 Relative pin/lantern radius

¢ optOptimal relative pin/lantern radius

1yc Interference limit between adjacent pins

S, Cross-sectional area of the total equivalent clearance
S, Dimensionless cross-sectional area of the equivalent clearance
Fluid temperature

Velocity of the point of application

Vector of variables

Number of teeth (pins) of the central rotor

Zope Optimal number of teeth

N oM

Greek Symbols

6;  Equivalent radial clearance

6, Equivalent axial clearance

6;  Relative equivalent radial clearance

6;  Relative equivalent axial clearance

&u,min Minimum contact ratio

Ny Volumetric efficiency

[#]  Permissible force transmission angle (pressure angle)

A Shortening coefficient of the cycloids

Aopt  Optimal shortening coefficient of the cycloids

Agmax Undercutting limit of the epicycloidal teeth

Amax Interference limit between the cycloidal teeth

u Dynamic viscosity

Mo  Viscosity of standard hydraulic oil at 40 °C
Dimensionless viscosity simplex

v Kinematic viscosity

m;  Euler number (analytical similarity criterion for pressure)
m,  Reynolds number (analytical similarity criterion for viscosity)
p Fluid density

Appendix A. Proof for “Global Optimality”

The proof will be conducted in several stages. First, an analytical proof for the single-
objective problem maxn, at fixed geometric parameters and a fixed z, under the con-
straints for the feasible domain of solutions and the real domain 7 € [0.5,1.6]. The proof
is organized in two steps: Stage (I)—global monotonicity with respect to (p,n,T) and
Stage (II) —reduction and global optimality with respect to (A, 7).

Before proceeding to the proof, the following notations are introduced for conven-

ience:
Z+A+21¢

u\7g,z) == (A1)

dHf
After converting the units according to the International System of Units (SI), the
similarity criteria m; and m, take the form:
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m=p 100,000
1=P 2 A2
P(n55500) A2
M= A3
- 2
P(3) o) (A9
The multiplier K(A,77;z) rewritten in another form is:
N
K = 7=
(%)zl-llR;;;—;(4767\—11rc*+10) (Ad)
where:
— b 51 62 * 53 *
N=3 (E) (Z) +4 (E) e+ (;) T[O\ + ZTC + Z) (A5)
12(%)(2;—1)+16(%)rc*+4(%)n(7x+2rc*+z)
R= 6(b) 51 5, . . (A6)
2)+6(72)+8(32)+8ri +2m(A+2ri +2)

The objective function of the volumetric efficiency is:

1 1.27

— [ 073, 073
Ny = 1-— CO (E) (1‘[2 73112073) K (A7)

where €, = 0.000131375275, po, = 0.05448964. After substituting p = p(T), p= W) =
p(T)v(T) and performing algebraic transformations, the objective function becomes:

1 _027 o054 054
Ny = 1 — Cpo7sn~p(T) 073v(T) ou(d, 175 2)0o3K (A, 175 2), (A8)

where C > 0 is a constant (independent of p,n,T,A, 1), and u = i

Appendix A.1. Stage (I)—Global Monotonicity with Respect to (p,n,T)

Lemma Al. (Global maximum with respect to p,n,T). For fixed (A, 1), the function v, is
strictly decreasing with respect to p, strictly increasing with respect to n, and for T € [25,50] it
is strictly decreasing with respect to T. Therefore, the global maximum with respect to (p,n,T) is
reached at P = Ppin, * = Nmaxr T = Trnin-

1

1
Proof. From (50), the negative term is proportional to pe7s (a positive power), to n™*, and

0.27 0.54
to p(T) o73v(T) 073, Thus, 1, strictly decreases with respect to p and strictly increases
with respect to n. For T € [25,50] we have p'(T) = 0.037564T — 2.0441 <0, v'(T) <0
0.27 0.54
and p,v > 0; with negative powers, it follows that p(T) 07z and v(T) 073 strictly in-
crease with respect to T, i.e.n, strictly decreases with respectto T. o

Appendix A.2. Stage (II) —Reduction and Global Optimality with Respect to (A, 1)

Reduction to a problem with respect to (A7) at (Pmin» Mmax> Tmin)- From Lemma A1, it
follows that for a global maximum of 7, itis sufficient to fix Pmin, Mmax» Timin, and to max-
imize 71, with respect to (A7) in the feasible domain. This is equivalent to minimizing
the negative multiplier:

PATY) =u 155 2)YKA 175 2) (A9)
where y = 0.54 /0.73 = 0.739726, since n, = 1 —const - P(A, 1) at fixed p,n,T.
Proof for the global maximum with respect to (A, 1.7) in the feasible domain: We introduce

1.27-1 . 1.27-1 . 1.27-1 _x
1= 0.369863. Since = K< 0, it follows that R1z27-z2 = R™¥ and therefore
Z4+A+21¢

K=

K contains the multiplier R* in the numerator. Using u = and the equality

(A + 217 + z) = udyy, the expressions are significantly simplified. For fixed dy,; =57,
b = 10, §; = 6, = 0.012, we obtain:

N = (3b8; + 8,mdy s )u? + (48,)77u = ayu? + byriu,
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where the following substitutions are made: ay = 0.36 + 0.012 - - 57 = 2.508 and by =
0.048.and R = %, where

A = (12b8; + 48,mdy s Ju? + (168,)17u = cu? + 10y,
B = (6b + 68, + 88, + 21dy; Ju + 817 = czu + 817,

¢, = 10.035, ¢, =0.192, c; = 418.308.
After substitution into (A4) we get:
K\1252) =

(anu+bNTE)RWrE)™
bzl Ay’

where L(A,77) = 476\ — 1117 + 10. Therefore, the negative multiplier in (A9) can be writ-
ten as:

(A10)

NU+bNTE

POLT) = uY 2 o - R C, (A11)

where C, = 1/(bz''') > 0. Since C, > 0 is a constant for a fixed z, the monotonicities of
P are determined by the remaining multipliers. Furthermore, from (29) it follows A >

ﬁ > 0.5, therefore L(A, 1) is strictly positive for 7 < 1.6:

L) =476-05-11-1.6+10 =2304 >0 (A12)

Lemma A2. (P strictly decreases with respect to X at a fixed r}). Let 17 € [0.5,1.6] be fixed and
(A, 1) be feasible from the set (g4 < 0,9, < 0). Then P(A, 1) is a strictly decreasing function of
A in the feasible interval for A. Therefore,n,, is strictly increasing with respect to A.

Z4+A+21¢ and du 1

— =—=1/57. From (A11) we write:

Proof. For a fixed r; we have u = =
Hf dr dys

InP =vylnu+In(ayu + byr}) + kInR (v, 7)) —InL (A, 1) + const (A13)

u(ciu+cyrd)

Since R(u, 1)) = , we obtain:

c3u+8re
InR =Inu + In(c,u + ;1) — In(cgu + 8rY) (A14)

Differentiating (A13) with respect to A and using (A14), we get:

d 1 o 476
aln P = EB(u, ) Torty (A15)
where:
Blur) =l py(t4 20
u ayu+bnrte u ciutcyre c3u+8re
It can be seen that the last term in the parentheses is non-positive, since " uigr* >0,
3 c
thus yielding the following upper bound:
* Y an 1 Ccq
<Xy °ON -
Bur) < u + ayu+byrg tx (u + c1u+czrc*) (Al6)

. ZH+A+21¢  4+0.5+1
Since z =24, A=0.5 and 7 > 0.5, we have u=——F—%>———=

53 £ 0.09649.
57

57 57
Also ayu+ by1Z = ay - 0.09649 + by - 0.5 = 0.266 and cyu + 7 = ¢; - 0.09649 + ¢, -
0.5 ~ 1.064.
Therefore:
Bur) < —L—+-2% 4 K( LG ) ~ 7.666 + 9.42 + 0.3699(10.36 + 9.43) < 25 (A17)
0.09649 0.266 0.09649 1.064

Hence 51—7B(u, 1) < ;—3 ~ 0.439. On the other hand, L(A, 1) <476-1—11-0.5+

10 = 480.5, so that:
476 476

> 27% 0991 (A18)

LATE) T 4805
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Combining (A14), (A17), and (A18) we obtain %lnP < 0.439 — 0.991 < 0 for all fea-

sible (A, 1) from the feasible set. Therefore, P(A,1.°) strictly decreases with respect to A
at a fixed 1, i.e,n, =1 — const- P strictly increases with respect to A. o

Corollary Al. (Activity of the upper bound for A): For any fixed 17, the optimal value of X is the
maximum feasible A. In the set (g, < 0,g, < 0) this yields:

(s ,240.5
Anax () = min {1, (1 - a(2)r?) "} (A19)
where a(z) = _Hzt1)’ The intersection point 17, is the solution of v/ = (1 - a(z)r*z)o's
T 27(z-1)z% P c.opt ¢~ c ’
ie.
. 1 \% 27(z-1)z> 0.5
Teopt = (1+a(z)) - (27(2—1)22+4-(z+1)3) (A20)
3
Lemma A3. Let z € {4,...,17} be fixed and v} € [0.5,1.6]. Let a(z) = % and 1eope =
1 7\05
(1+<x (Z)) . We set:
Amax (1) = min {Tc*! \[ 1- a(Z)rc*z}, P(2) = Punax (78),78) (A21)

Then P(77) is strictly decreasing on [0.5,7¢,,] and strictly increasing on
[rc*_ opts 1.6]. Therefore, P(r) has a unique global minimum at 7 =17 optr and m, =1 —
CP (C > 0) has a global maximum at A = 77 = Teopt-

Proof. Let f(r7) =InP (r7). Since In is strictly monotonic, f'(ry) and P'(r7) have the
same sign. The following representation is used:

InP (A7) =ylnu+In(ayu + byrd) + xInR (u,77) —InL (A, 77) + const, (A22)

Z4+A+21¢
57

where u = L LALTY) = 4760 — 1177 +10, vy = % k= 0369863, R(u,r) =
u(cc%ti?*), and ay, by, cy,¢5,¢c3 > 0 are constants. The envelope A = A4, (1Y) has two
3 c

branches. If 73 < 1/, then A, (77) = 17 (the constraint A < 77 is active). If 77 = 1,

then Apq (1) = /1 — a(2)17? (the constraint A% + a(z)77% = 1 is active).

(1) If 77 <71iope, then Ay, (7)) =77 and L(r7) = 46577 + 10. Differentiating, we ob-
tain:

I (% * 465
fre) =A@ - 46577 +10
where A(7}) is the sum of the derivatives of the remaining three terms. For z € [4,17],
1/ € [0.5,1]. These derivatives are bounded from above, specifically A(r.") < 1.06. On the

other hand —=— > 2°® & 0.979. Therefore, ') <0 on [0.5, rc*,opt] andP(r}) strictly

46517+10 — 475

(A23)

decreases.
(1) If 77 =10 ope, then Apa, () = /1 — a(2)r? and)' (7)) = —% < 0. Therefore:

d L' 11+476|A' (1
(~InL) = — £ = 2rardred)]
T, L L

*
c

L'(r}) =476\ () —11 <0 and

>0 (A24)

24N (1
ZHA (e) and have a

476[A'|

The remaining terms in f'(r/) depend on 7/ through u'(r) =

growth of at most order O(|A'|)/57, while the contribution from —InL is of order

(a coefficient of order 1). Therefore, f'(17) >0 for 17 = 1o, and P strictly increases.
Combining (i) and (ii), we obtain that P decreases up to 7 opt and increases thereafter,
i.e., it has a unique global minimum at 7 = 17,,,. O
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Theorem A1. (Global maximum of ,, in the feasible domain). For fixed z € {4, ...,17} and fixed
dyg, b, 81, 8, in the extended set (g, <0, g, <0,0 <A <1,05 <71 < 1.6), the single-ob-
jective problem max{n,} has a global maximum at the point:

A7, pnT) = (Tc*,optr rc*,opt' Pmin Mmax» Tmin) (A25)

Since the real feasible set is a subset of the extended one, and the point (67) is feasible
for it as well, the same point is also a global maximum for the original problem. The proof
of Theorem Al is a direct consequence of the proven lemmas.

We will provide (without proof) a theorem for the global maximum of Q(X). The
proof of Theorem A2 is similar to that of Theorem Al.

Theorem A2. (Global maximum of Q(X) in the extended set). For fixed z € {4, ...,17} and fixed
dyg, b, 81, 8, in the extended set (g, <0, g, < 0,0 <A<1,0.5 =<7 < 1.6), the single-ob-
jective problem max{ Q(X)} has a global maximum at the point:

A, pnT) = (rc*,opt' rc*,optv Pmin Mmax» Tmin)! (A26)

Since the real feasible set is a subset of the extended one, and the point (A26) is feasi-
ble for it as well, the same point is also a global maximum for the original problem. From
Theorem Al and Theorem A2, it follows that the two criteria taken separately do not con-
tradict each other, and their global maximums are at the same point in the feasible domain.
This means that we can formulate the following fundamental statement, which is im-
portant for the study:

Theorem A3. For fixed z € {4,..,17} and fixed dys, b, 6,, &, in the extended set
(91 0,9, <0,0<A<1,05 <17 £1.6), the bi-objective problem max{Q(X)} andmax{n,}
has a global maximum at the same point for both criteria:

A, pnT) = (rc*,opt' rc*,optv Pmin Mmax» Tmin)- (A27)

Theorem A4. (Bounds on the parameters By and w for preserving the conflict with respect to
z). Let the exponent w in the generalized criterion equation of the volumetric efficiency not be fixed

in advance, but be considered as a parameter:
1

=1- * (IL)2-w A2
= 1B (%)™ K, (A28)
where
Sp(dg)* w—1
=T k=g (A29)

Then, from the requirement that the proofs of Lemma A2 and Lemma A3 preserve
the same sign structure after replacing the calibrated value w = 1.27 with a general pa-
rameter w, the following sufficient bounds are obtained:

B, >0, 1<w<wy, wy = 1.304. (A30)

Consequently, in a conservatively rounded form, the statement concerning the struc-
tural conflict between the actual flow rate Q and the volumetric efficiency 1, with re-
spect to the number of teeth z remains valid for

B,>0, 1<w < 130. (A31)

Under these conditions, the specific values of B; and w influence the quantitative
level of the losses and the exact position of the compromise choice of z, but they do not
generate the conflict itself between flow rate and efficiency.
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Proof. In the reduction used in Appendix A, the maximization of n, for fixed p,n,T is
reduced to the minimization of a positive geometric loss multiplier. For a general expo-

nent w, this can be written in the form
1

N, =1-C,R A1), Cy =B (:_gv)m (A32)

In the physically admissible domain, we have p* > 0, m; > 0,and m, > 0. Therefore,
the sign of C,, is determined only by the sign of B;. In order for the maximization prob-
lem for 1, to remain equivalent to a minimization problem forP,, as in the proof of
Lemma A2 and Lemma A3, it is necessary that

C,>0sB;>0. (A33)

If B; = 0, the loss term disappears and the efficiency problem degenerates; if B; <0,
the sign of the loss term is reversed and a different, physically inadmissible optimization
problem is obtained. Therefore, the condition B; > 0 is not imposed in advance, but fol-
lows from the sign required for the proof itself.

With respect to w, we introduce
w—1
K=——om:, = 2K. A34
—w Y (A34)
Since, in the proof, the geometric factor contains positive power multipliers of the
formRY, the first necessary sign condition is k > 0. This gives
w—1
—>0=>1<w<2. (A35)
2—-w
Consequently, the lower bound w > 1 is also obtained from the requirement of pre-
serving the proof structure, and is not adopted in advance.
It remains to estimate the upper bound. Repeating the estimates from Lemma A2

with a general parameter k, we obtain a condition of the form

1 476
=B .(u,r}) — ——
57 (W, 70) LATE)

<0, (A36)

where By is the corresponding upper estimate of the logarithmic derivative of P, with
respect to A. Substitution of the constants from (A13)—(A18) shows that this condition re-
mains satisfied for approximately

k <K, = 1.16. (A37)

Therefore, Lemma A2 does not provide the strictest bound. The restriction is ob-
tained from Lemma A3. Along the first branch of the active boundary A, (77) = 17, the
logarithmic derivative has the form

fv;(rc*) = AK‘,(rC*'Z) -

In order to preserve the sign f,,(r7) <0 on [0.5,77,,] and, respectively, the sign
f() > 0 along the second branch A,q,(77) = /1 — a(z)r;?, the terms containing x

must remain smaller than the stabilizing contribution of the term —In L. The numerical

465
46513 +10°

(A38)

evaluation of these inequalities over the compact domain z € {4, ...,17}, 1 € [0.5,1.6]
gives the strictest sufficient bound

k < Ko = 0.437. (A39)

Sincek, < K, it is precisely (A39) that is the limiting condition. From the relation k =
(w—-1)/(2 —w) it follows that
_ 142k

w= (A40)

14k

Consequently, for k = k, = 0.437 we obtain
1+2Kg 1+2-:0.437
W0 ==
1tkg  1+0.437

~ 1.304. (A41)
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Thus, from the sign estimates in the proof themselves, the following sufficient bounds
follow:

B,>0, 1<w<1304. (A42)

By conservatively rounding the upper bound, we obtain the convenient interval 1 <
w < 1.30.

Under these conditions, the proofs of Lemma A2 and Lemma A3 preserve their signs;
therefore, the minimum of the geometric loss multiplier remains at the same point

A=10= Topte (A43)

On the other hand, the theoretical flow rate Q. = gn depends on the working dis-
placement g and the frequency n, and, for fixed external dimensions, the dependence of
q on the number of teeth z is geometric and contains neither B; nor w. The parameters
B; and w enter only through the loss multiplier inn,, and, accordingly, change the nu-
merical level of Q = Q,n,, but do not change the reason for the opposite tendencies with
respect to z.

Therefore, for B; > 0 and 1 < w < 1.30, a smaller number of teeth favors the work-
ing displacement and the flow rate, whereas a larger number of teeth reduces the relative
leakages and increases the volumetric efficiency. The conflict between Q and n, with re-
spect to z remains a structural-geometric property of the considered class of pumps, and
not an artifact of the specific experimental calibration of B; and w = 1.27. o

Remark. The number wy = 1.304 is not claimed to be an exact necessary bound. It is a sufficient
bound obtained from the theorems, lemmas, and derivative estimates used. Therefore, it is more
appropriate to use the conservative interval 1 <w < 1.30.
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